We study skeleton expansion of φ 3 theory in 6 + dimensions as well as its global symmetry generalizations. We use it to compute the four point function of the scalar field φ up to 2 .
Introduction
Over the last few years there has been a huge progress in the understanding of the properties of conformal field theories (CFTs). The use of unitarity, crossing symmetry and analyticity has allowed to derive many results that generic CFTs have to satisfy. Some examples of these properties are the presence of "double twist" operators [1, 2] , the behavior of operators at large spin [3] , Regge behavior [4, 5, 6, 7] or the allowed singularities in a correlation function [8] .
Crossing symmetry has also been explored in the analytical bootstrap of four point functions in an expansion. There are mainly two main methods, one o them tries to solve the bootstrap equations as a perturbation from large spin operators [9] while in the other one tries to decompose a four point function in terms of exchange Witten diagrams [10, 11, 12, 13, 14] . These two methods have the advantage that they only require consistency conditions (crossing, OPE decomposition,...) of the four point function. One of the most remarkable results is that it is possible to extract some OPE data from these conditions, for example it was possible to obtain the anomalous dimension of leading twist operators up to order 4 [15] . However it is not straightforward to obtain arbitrary high orders in the coupling or to obtain OPE data of subleading twist operators because one has usually to deal with degenerate operators.
On the other side there is the usual approach to correlation function where one needs to obtain all the diagrams, compute β function, renormalize the operators and compute the integrals. This traditional approach is already a tour de force at low loop orders. In this paper we compute a four point function of a scalar field φ in d = 6 + up to order 2 using a improved perturbation theory, called skeleton diagram expansion. In practice this assumes one is already at the fixed point of the theory and we only use in our computation physical quantities. In particular, one does not have to compute the β neither we have to renormalize the operators. As will be shown in the main text the the number of diagrams to be computed are significantly less than the standard approach. Of course the method still requires the computation of Feynman integrals but fortunately there was a huge progress over the last few years in their evaluation. For example all that have been computed for this paper can be done using a computer package in less 2 minutes on a normal laptop. The φ 3 model has also been studied in the context of large spin perturbation in [16] up to first order in . We extend this result to order 2 using large spin bootstrap and we find a perfect match with the one obtained from the skeleton diagram expansion.
The basic idea of the skeleton diagram expansion is explained in the next section. In section 3 we compute the OPE decomposition of the four point function. In section 4 we do the large spin pertubation for the φ 3 model. In the last section we point out future direction and open problems. Usually one of the main difficulties in perturbative computations is the evaluation of Feynman integrals. We explain in detail in the appendices how this may be achieved .
Skeleton expansion
The standard approach to do perturbative computations in a conformal field theory requires the enumeration/evaluation of all relevant Feynman diagrams, the computation of the β function(to flow to the fixed point) and removal of divergences by renormalizing the bare operators 1 .
The approach followed in this paper, skeleton diagram expansion [17, 18, 19, 20] , bypasses the last two steps and reduces the number of diagrams that need to be computed. In this expansion we will use the exact two point function and vertex of the theory. In a standard perturbative expansion one has to consider diagrams that correct the propagator and cubic couplings. By using the exact propagator and vertex of the theory we assume that these diagrams were already package in these building blocks.
Recall that in a conformal field theory, two and three point functions are given just in terms of two set of numbers, the dimension of the operator and the OPE coefficient All diagrams and sub-diagrams that correspond to propagator or vertex corrections are not allowed since their effect is already included in the building blocks. Another property of the expansion is that all integrals that appear are conformal and so they do not have any IR divergences, moreover all the integrals appearing in this paper are also UV finite.
The existence of a small parameter in the theory may be used to truncate the number of diagrams that contribute to each order in a series expansion of this small parameter. A simple example where this happens is when the cubic coupling is proportional to this small parameter. One example where this happens is in φ 3 theory where the coupling g or OPE coefficient C φφφ go to zero as → 0. The precise relation follows from (7)
where we used that the dimension d = 6 + and that the dimension of the operator φ is given in terms of its free dimension 2 and a small correction ∆ φ = 2 + γ φ .
Another example is scalar O(N ) models in d dimension for large N , in this case one has that the cubic coupling is proportional to
We have only computed four point functions of φ operators but in principle it should be possible to compute higher point functions as well.
The relevant diagrams for the four point function of φ up to order 3 are shown in fig  (1 ) and it can be explicitly checked that there are no diagrams that correct the two point function or the three point vertex.
Each red shown in the diagram should be interpreted as a vertex with three where one integrates over the three point of the vertices. An explicit example of this is shown in figure  ( 2) or in the following expression second diagram of (1) = g 
All but one integration can be done using star-triangle formula (5) leading to the one loop integral
where the D-functions are defined by,
with h = 1 2
and where u and v are the usual cross ratios . This integral is known for any ∆ and d as series expansion in small u and (1 − v)
2 [21] . Morever, it is possible to compute the integral in closed form when the dimension of the propagators in the the integral are perturbatively close to positive integer values and when the dimension d is close to an even integer. We include in an auxialliary a script that computes this integral up to an high order in .
All other diagrams in figure (1) can be simplified in the same way, i.e. write the red dots as a integral over the three point vertex and then use start-triangle formula to simplify the integrals. The third diagram in figure (1) simplifes to
Notice that this diagram is proportional to C 4 φφφ , so in φ 3 theory it should kick in only at order 2 . Let us remark that we are not aware if there exists a known series expansion in u and (1 − v) for this integral for generic value of ∆ and dimension d. However, at leading order in , the integrand simplifies considerably as the exponents of some propagators go to zero and thus one can use star-triangle a couple more times leading to It is possible to derive a differential equation that this integral has to satisfy, notice that the integral simplifies after applying ∇ 2 2 to the integrand since
which trivializes one of the integrals. We show in the appendix how this can be used to obtain the integral.
We also provide a script to evaluate the integral (13) for higher order of using the package HyperInt [22] .
The last two diagrams in figure (1) can be simplified in the same way. We show here the final result for assuming ∆ = 2 and d = 6 Notice that these two integrals also satisfy differential equations coming from applying ∇ 2 to the integrands. However we were not able to solve them. Nonetheless we have computed them using the package HyperInt. Once we got the solution we verified that the result for these two integrals satisfied the differential equations.
The integrals appearing in this work are naturally written in terms of hyperlogarithms 3 defined as [22] 
One advantage of expressing the result in terms of these functions is that it is possible to do series expansions efficiently and it is simpler to consider analytic continuations. It is possible to do series expansions of hyperlogarithms using the package HyperInt.
Putting everything together we arrive at the four point function of the field φ given by
where
In the appendix we show how to generalize the construction of the four point function for the with a global symmetry.
Conformal block analysis
One of the main results of the last section was the the construction of four point functions using skeleton digrams. The correlators are expressed in terms of some yet to be determined constants, namely, the dimensions of some operators and their OPE coefficients. These may be obtained by imposing that the four point function has a consistent OPE decomposition.
The simplest example where a consistent OPE decomposition is able to fully determine all the undetermined constants is in φ 3 in d = 6 + dimensions. The four point function of four φ is a non-trival function of the cross ratios u and v
3 These are also called in the litterature as Goncharov logarithms
The OPE between the operators at positions x 1 and x 2 leads to the following conformal block decomposition for this correlator
where c φφO , ∆ O and l are the OPE coefficient, dimension and spin of the operator O. The conformal blocks G ∆,J (u, v) are not known in closed form for generic dimension d. However we will use a series expansion in small u and fixed v of the conformal blocks
where the functions g m (v) satisfy a differential recursion relation as shown in [6] . The precise form of these functions is worked out in the appendix.
It is instructive to analyze in more detail the first two orders in to understand how the undetermined coefficients may be fixed. The tree level four point function is given by
Notice that the minimal twist (twist = τ = ∆ − l) that can flow at the order is 4 as one can check by the leading power of z in the limit z → 0. This can also be shown by doing conformal block decomposition,
and the term G 6 0,0 is the contribution of the identity operator. At next order in the D functions start to contribute and one of them has the following behavior in the OPE limit
which is consistent with the presence of an scalar operator with dimension 2 appearing in the OPE. This is no surprise since the operator φ should start contributing at order . What is more is that after doing the conformal block decomposition the scalar operator with dimension 4 disappears from the spectrum. The reason for this is that an operator which was a primary at tree level became a descendent at order , which is consistent if one thinks of the equations of motion for the field φ [23, 24, 25] . At the level of the conformal blocks what is happening is the following
which automatically fixes the value of the undetermined constants. This pattern repeats itself at higher orders in , thus determining all the values that were unfixed.
Having the four point function at order 2 gives us information about the anomalous dimension and OPE coefficients of leading and subleading twist operators. For the scalar φ we obtain
which agrees with the results previously computed [26, 27] . For example, the twist four operator come from start contributing at order u 2 . The corresponding anomalous dimension and OPE coefficient can be extracted at order from the u 2 term in the four point function
We did not try hard enough to find an analytic expression for generic spin for the higher order corrections to the twist 4 operators. We present in the following 
The analysis at next leading order in is similar. There are corrections to the anomalous dimension and OPE coefficients of the elementary field φ, the twist four and six operators. At this order one starts also to see the contribution of operators with twist eight. . . .
Leading Regge trajectory and inversion formula
The leading Regge trajectory is defined as the family of operators that have the lowest twist per spin. In the present case these operators have twist 4 , are non degenerate and their anomalous dimension is given by (32) . The spin 2 operator of this family is the stress energy tensor and one can verify that ∆ 2 = d which should happen since the dimension of the stress tensor is fixed. There is no spin 0 operator in this family however our expression is analytic in the spin and one may compute the analytic continuation of the anomalous dimension to spin 0. Curiously the analytic continuation to 0 satisfies
up to the order we have analytic data. This implies that the analytic continuation of the leading Regge trajectory down to spin 0 is the shadow of the field φ.
Large spin bootstrap
In the previous section we have obtained the four point function of the field φ up to order 2 using an approach based on Feynman graph computation. Recently a different approach based on consistency conditions coming from the bootstrap equations in the large spin limit was developed and applied to several models. In this section we do a large spin analysis to the φ 3 model similar to the one that was recently performed up to order 4 in the φ 4 [28] with the some small differences.
The four point function can be decomposed in terms of conformal blocks in either the (12) channel or in the (23) since the OPE is associative. The bootstrap equation is just the statement that both representations are equal
The simplicity of the equations contrasts with the restrictive space of solutions that exists. We will focus on theories that are perturbatively close to d = 6 + and whose fundamental field is also perturbatively close to the free one
and with OPE coefficient
Moreover, we will assume that the twist 6 operators only couple to the φ field at order .
The methods of large spin perturbation theory were developed in [9] . The main idea is to derive constraints from (36) starting from the region (u, v) = (0, 0) in cross ratio space. The name large spin comes from the fact that the dominant contributions to this equation comes from operators with large spin as can be seen from the singularity structure of the conformal blocks
and bootstrap equations in this region [3] . More concretely a single term in the conformal block decomposition of the lhs of (36) diverges at most with a ln v singularity while the rhs has a power law divergence. The apparent mismatch of the singularity structure of the equation is fixed after summing over an infinite family of operators with the same twist and different spin. Notice that this singularity enhancement needs to come from the tail of the sum since a finite sum of terms will never generate a power law divergence.
It is thus natural to write the anomalous dimension and OPE coefficient as an expansion around large spin. It turns out, as shown in [16] , that this expansion can be written in terms of inverse powers of the conformal spin J 2 = (2l + τ )(2l + τ − 2) where τ is the twist. The twist conformal block, defined in [9, 29] are kinematical objects that make the analysis of the equations more systematic
where the a (0) l are just OPE coefficients. Twist conformal blocks satisfy a recursion relation in m
since u τ 2 g τ,l (u, v) is an eigenfunction of C with eigenvalue J 2 . On the left hand side of the bootstrap equation (36) there is a scalar operator with dimension ∆ φ and then an infinite family of operators with twists 2∆ φ + 2m + γ l,m .
The limit u → 0 singles the operators with lowest twist. We are now equipped to analyze the bootstrap equations (36)
φ + (2γ
where A(v, u) stands for the t-channel conformal block decomposition. Now one tries to decompose the left hand side in terms of twist conformal blocks. This problem has already been studied up to order for φ in [29] .
At tree level only the seed twist conformal block
contribute and it is clear that this matches the known result for the four point function at 0 .
At order the operator φ starts to contribute to the four point function and so its contribution must be included in the rhs of (36) as it will give another power law singularity
where the . . . represent both less divergent terms in v and higher order in and where we neglected the contribution of the operator φ on the right hand side because it does give an enhanced singularity. 5 The scalar conformal block that enters in the t channel decomposition is known in terms of a double series or single sum over hypergeometric function
(46) 5 The reader might wonder why we do not include the contribution of twist 4 operators to A(v, u). One reason is that they give a less divergent contribution. This can be easily from the inversion formula derived in [5] , in fact in [28] it was shown that the large spin method is equivalent to the CFT inversion formula. The dynamical data is given by a double discontinuity around z = 1 which kills the ln v term that comes from the correction of twist 4 operators in the t channel block. Another reason is that they don't generate power law singularities in the rhs of (36) which is more suitable to analyze the expansion around (u, v) ≈ (0, 0) and ≈ 0. First we use a well known formula to expand the hypergeometric function around 1, then we series expand in around 0. The sum over m can then be recognized as an hypergeometric function
where the dots represent higher order terms in u. So from here one sees that there is another a power law singularity in the right hand side of (44) which is matched by the contribution of a twist conformal block
It is important to remark that one does not need to know the twist conformal blocks in detail since we are only interested in the limit (u, v) ≈ (0, 0). The twist conformal block H 
The part containing (1+2γ
can be recovered from the bootstrap equation (44) just by a constant term in the anomalous dimension of twist 4 operators. This leads to an anomalous dimension
Remember that both C φφφ and γ φ are unknowns(from the perspective of this bootstrap exercise) up to this point but they can be fixed by requiring the conservation of the stress energy tensor, l = 2, and that the analytic continuation of the anomalous dimension up to spin zero is the shadow of the operator φ.
Before moving on to order 2 it is important to emphasize a few points. Both the anomalous dimension and the OPE coefficients of twist four operators were obtained from the bootstrap equation at order from the contribution of the operator φ in the (23) channel of the conformal bock decomposition. This was a special feature that will cease at higher orders. For instance at order 2 the (23) conformal decomposition will have a divergence proportional to ln 2 v coming from the twist 4 operators which cannot be matched by a finite number of terms in the right hand side of the (12) channel 6 . This will lead to more complex functions on the rhs of the bootstrap equation and consequently the decomposition in terms of twist conformal blocks would get more involved. Fortunately in [28] it was shown how to obtain the OPE data in terms of an integral transform of the rhs of (36)
where we used only the limit z → 0 of the four point function 7 and where h is defined by J 2 = h(h − 1). The function a(J) represents the product of the anomalous dimension to some power and the OPE coefficient that comes from the conformal block decomposition of the (12) channel
The OPE data in (50) is written in terms of a double discontinuity defined as
where A , represents the analytic continuation around z = 1 clockwise and counterclockwise. One interesting property of the double discontinuity is that it kills ln 1 − z as well as regular terms around z = 1. This means that one can reproduce the order 2 of a(J) using the one loop OPE data in the conformal block decomposition of the (23) since higher order corrections would only contribute to the ln 1 − z and regular terms.
We have have computed dDiscA(z) from the (23) conformal block decomposition then we have used a table from [28] to compute the integrals and obtain the function a(J), which agreed with the OPE data from the skeleton diagram approach.
Conclusions and future directions
We have computed the four point function of the operator φ in φ 3 theory in d = 6 + dimensions up to order 2 . Moreover, the approach followed here used only physical observables as the dimension and OPE coefficients of the operators. We also obtained anomalous dimensions and OPE coefficents of leading and subleading twist operators up to order 2 . It was also shown how to generalize these results to the case with a global symmetry group.
Two obvious generalizations that were not attempted are the computation to higher order in or the construction of higher point. The integrals appearing in each of these objects should fall in the class of integrals where the package HyperInt can trivialize its evaluation.
This method can also be applied to other theories, for example scalar large N O(N ) theories in d dimensions or generalized free field theories. It would also be interesting to study skeleton expansion for φ 4 in d = 4 − 2 dimensions or conformal QED 8 . Another approach to obtain these theories is to write an ansatz in terms of finite conformal integrals and try to bootstrap the result. One could also try to do skeleton expansions for defect conformal field theories.
7 This is the same expression as presented in [28] which was used in d = 4 − . The reader might wonder why we are allowed to use the same equation to our case in d = 6 + without any modification. The reason is that we are focusing on the leading twist family of operators the conformal blocks in the limit of z → 0 do not depend on the dimension of the theory one is studying. 8 The skeleton expansion used only physical data in the building blocks and also its conformal structure. In conformal QED is a gauge theory and so one has to figure out how to do the expansion in this case. For example, the propagator of the gauge field only has conformal structure for a specific gauge.
We did not explore Mellin amplitudes in the context of the skeleton expansion. It is known that this language simplifies the analysis the four point function in many some cases. One could try to compute what is the Mellin amplitude for this correlator and check if there is a simplification. discussions on large spin bootstrap. We thank IIP-Natal for the hospitality where the final stages of this work was completed. V. 
A Conformal integrals
The skeleton expansion explained in the main text provides an efficient way to express correlation functions of local operators in terms of Feynman integrals in position space. Ideally one wants to express these integrals in terms of functions that are easy to manipulate, i.e. take limits of the external parameters, do analytic continuations, evaluate numerically, etc. This is a non-trivial task for generic dimension of space, number of integration variables or powers of the propagators. In the following we shall explain how to obtain the integrals appearing in this work.
A.1 Series expansion of D-function
The first connected skeleton graph, given by equation (10) , can be written in terms of a D-function. Fortunately, these can be evaluated, in a series expansion of the cross ratios, for generic values of the dimensions of the operators and space
Using the formulas in [21] one can write a double series expansion of the form
where the coefficients a (i,j) m,n are known explicitly 9 .
As we will see, if the powers of the propagators is close to an integer and the dimension d is a even integer then we can use the method that takes advantage of the parametric representation of an integral [30, 31, 32, 22] .
A.2 Method of differential equations
At second order in one finds the following integral Notice that it is simple to obtain a differential equation. It just follows from acting with the Laplacian at position 2 and using ∇ 2 2
The function D 1212 can be written in terms of a derivative acting on D 1111 and it turns out that the differential equation for h(z, z) simplifies if one also writes it in terms of a derivative acting on
This implies the function f (z, z) satisfies
The solution of this equation is given by φ
Note that the function D 1111 is nothing more than φ (1) (z, z). Thus, we conclude that the function
9 There is a Mathematica file that implements the series expansion of this integral
A.3 Integrals in parametric space and how to do them in HyperInt
We will focus, for the rest of this section, on a recent method [30, 31, 32, 22] that has the advantage of being applicable to all the integrals that we have in d = 6 + at least to the order that we have worked out.
An integral can be represented as a graph G with vertices V (G) that are on the end points of the edges E(G). The vertices can be divided into external points V ext and V int . Each edge has associated with it a number a e which is the power of a specific propagator in the integral
The parametric representation of an integral uses the concept of tree and forest associated to an integral. A forest F ⊆ E(G) is defined to be a subgraph without cycles and a tree is a connected forest. The set of connected components of G is denoted as π 0 (G). Thus the integral can be written as [22] Φ(
where Ω is the measure
ψ and φ are defined by
where the sums are over all spanning forests F of G with k = |Q| connected components
The ψ and φ polynomials for the one loop box integral (10) are given by
Notice that the denominator in the integrand parametric representation is linear in the Feynman parameters α e . This makes it possible to write the integral in α 1 as a linear combination of hyperlogarithms or Goncharov logarithms with rational prefactors. A given Feynman integral is called linear reducible if there is an order of integration of the Feynman parameters such that at each integration step it can be written in terms of these functions and a rational prefactor whose denominator is linear in the variable being integrated. The package HyperInt [31] can be used to check if an integral is linear reducible and it also gives the best integration order 10 and it also can be used to integrate all Feynman parameters. All integrals appearing in the skeleton expansion of φ 3 at least to oder 3 are linear reducible.
The integrals f and g defined in (17) can be computed with this method. Their expression is long and consequently we defer its form to an ancilliary file submitted together with this preprint.
The integral defined in (13) can be computed explicitly at any order with HyperInt. However there is a subtlety since when one of the exponents almost vanishes there is zero coming from the Γ functions in the definition of parametric representation. This zero should be canceled by a divergence from the parametric integration. To having to deal with divergences we can just integrate by parts in the corresponding parameter whose propagator goes to zero making the all expression explicitly finite
where we assumed that a 1 goes to zero as → 0.
B Conformal blocks
The conformal blocks resum the contribution of a conformal family to a given four point function. In even space time dimensions they can be written in terms of hypergeometric functions. In this section we study the structure of the conformal blocks in the light-cone limit, i.e. u → 0 keeping v fixed, The action of the Casimir operator on this expansion gives a recurrence relation in m for the functions g m (v). The solution for this recurrence relations was found in [33] . We show here the value for m = 1 for the scalar case since these are the ones that are needed to analyze the leading and subleading twist operators 
It is possible to see from this last expression the property mentioned in (29) . In this section we will consider φ 3 theory in d = 6 + transforming under the adjoint representation of SU (N ). The fields φ can be represented as,
where T a is a N ×N matrix transforming in the adjoint of SU (N ). The generators of SU (N ) satisfy,
where f abc and d abc are antisymmetric and symmetric objects respectively. An interaction term in the Lagrangian like Tr(φ 3 ) will depend on the symmetric object d abc . In terms of the generators it can be written as,
where we have used Tr(T a T b ) = δ ab /2. The normalization of this object is,
c ,e
The generators of SU (N ) in the adjoint representation satisfy,
The two and three point functions of the field φ are given by 11 , 
There are seven representations in the tensor product of two adjoint representations. In the following we will be interested just in the singlet and adjoint channels. According to [34] the projectors for these two channels are given by 
Each A R (u, v) can be obtained using a i P a 1 a 2 a 3 a 4 R P a 1 a 2 a 3 a 4 R = δ R,R dim R . In the following we will normalize A a 1 a 2 a 3 a 4 (u, v) such that the identity OPE coefficient of the identity is equal to one.
